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Abstract

Parallelizing compilers have traditionally focussed
mainly on parallelizing loops. This paperpresentsa new
framework for automaticallyparallelizing recursivepro-
cedures that typically appearin divide-and-conqueralgo-
rithms. We presentcompile-timeanalysisto detectthe in-
dependenceof multiplerecursivecalls in a procedure. This
allowsexploitationof a scalableformof nestedparallelism,
where each parallel task can further spawnoff parallel
work in subsequentrecursivecalls. We describea run-time
systemwhich efficiently supportsthis kind of nestedpar-
allelismwithoutunnecessarilyblocking tasks.We haveim-
plementedthisframeworkin a parallelizingcompiler, which
is ableto automaticallyparallelizeprogramslike quicksort
andmergesort,written in C. For caseswhere eventhe ad-
vancedsymbolicanalysisandarraysectionanalysiswede-
scribeare not ableto provetheindependenceof procedure
calls,weproposenoveltechniquesfor speculativerun-time
parallelization, which are more efficient and powerful in
thiscontext thananalogoustechniquesproposedpreviously
for speculativelyparallelizing loops. Our experimentalre-
sultson an IBM G30 SMPmachine showgoodspeedups
obtainedby followingour approach.

1 Intr oduction

While parallel machinesare increasingly becoming
ubiquitous,developingparallelprogramscontinuesto bea
tediousanderror-pronetask. Parallelizingcompilersoffer
thepotentialadvantageof exploiting parallelismin sequen-
tial programs,which areeasierto write, maintain,andport
to othermachines.However, currentparallelizingcompil-
ers are usually able to detectonly loop-level parallelism,
andhencecateronly to a restrictedclassof programs.This
paperpresentsan approachto parallelizingrecursive pro-
cedures,which enablesautomaticparallelizationof a class
of applicationsthat cannotbeparallelizedby the previous
generationof compilers.

Our work exploits a scalableform of nestedfunctional
parallelismby detectingthemutualindependenceof multi-
ple recursivecallsinsideaprocedure.Thisapproachis par-
ticularlywell-suitedto parallelizingapplicationsemploying
a divide-and-conqueralgorithm.Suchanalgorithmusually
consistsof threesteps:(i) divide– theproblemispartitioned
into two or moresubproblems,(ii) conquer– thesubprob-
lemsaresolvedby recursivecallsto theoriginalprocedure,
and (iii) combine– the solutionsto the subproblemsare
combinedto obtain the final solution to the overall prob-
lem. Typically, the partitioningof the problemduring the
first stepis performedsuchthat the recursive calls during
thesecondstepcanbeexecutedindependently.

The divide-and-conquerstyle of writing array based
computationsis likely to gainpopularityin thefuture,asit
allowsbetterexploitationof thememoryhierarchyin mod-
ern machines,particularly when usedtogetherwith a re-
cursively blockedarraydatalayout[11]. Researchershave
recentlydemonstratedsuchalgorithmsfor linearalgebraic
computations,like matrix multiplicationandQR factoriza-
tion, thatperformsignificantlybetterthanequivalentlevel-
3 BLAS (basiclinear algebrasubprogram)codes[5, 11].
While our compilerdoesnot yet adequatelyanalyzearrays
usingblockedlayout, this work providesa foundationfor
parallelizingthesecodesaswell in thefuture.

Thispapermakesthefollowingcontributions:� It presentsa compile-timeframework, usingpowerful
symbolic array sectionanalysisinterprocedurally, to
detectthe independenceof multiple recursive calls in
a procedure.We describedesigndecisionsthat make
ouranalysisefficient,yeteffective.

� It presentsnovel techniquesfor speculative run-time
parallelizationto deal with casesthat defy compile-
timeanalysis.Thesetechniquesaremoreefficientand
powerful, in the context of parallelizingdivide-and-
conquercomputations,thananalogoustechniquespro-
posedearlierfor speculatively parallelizingloops[23].

� It presentsexperimentalresults,demonstratingtheca-
pability of our compilerin automaticallyparallelizing



programslike quicksortandmergesort(written in C)
andshowing theimpactof therun-timesystemdesign
onperformance.

Therestof this paperis organizedasfollows. Section2
discussesrelatedwork in this area. Section3 presentsa
motivatingexamplefor our work. Section4 describesthe
compiletime analysisto infer the independenceof various
recursive calls in a procedure.Section5 describesa run-
time systemthat efficiently supportsthe parallelizationof
recursive procedures.Section6 discussestechniquesfor
speculative parallelizationthat can be usedto effectively
dealwith caseswherecompile-timeanalysisaloneis notac-
curateenoughto detectparallelism.Section7 presentsthe
experimentalresultsobtainedonanIBM G30sharedmem-
ory multiprocessor. Finally, Section8 presentsconclusions
andideasfor futurework.

2 RelatedWork

A greatdealof previousresearchonusinginterprocedu-
ral analysisin parallelizingcompilers[12] hasbeendirected
towardsparallelizingloopscontainingprocedurecalls,and
doesnot attemptto find non-loopparallelism.

Girkar and Polychronopouloshave proposeda frame-
work for exploiting task-level parallelismin programs[7].
They usea hierarchical taskgraph to representcontroland
data dependencesbetweentask units such as loops, ba-
sic blocks or procedures,in a hierarchicalmanner. Ra-
maswamyet al. have presentedan approachthat uses
compile-time analysis to combine task-parallelismwith
data-parallelism[22]. Theseresearchersdonotdiscusshan-
dling recursiveprocedures.

In thecontext of functionallanguageslike Scheme,Har-
rison hasproposedrecursionsplitting [16], a transforma-
tion whichconvertsarecursiveprocedureinto loops.These
loopsareparallelizedby standardloopparallelizationmeth-
odsandaspecialtechniquecalledexit-loopparallelization,
whichhandlesrecurrencesin controlflow cycleswith exits.
In contrast,ourwork directlyrecognizestheparallelismbe-
tweendifferentrecursive procedurecalls,without attempt-
ing to transformthemto loops.

Several researchershave usedpointeranalysisto recog-
nizeparallelismin programsthatuselinkeddatastructures
like treesand linked lists [14, 19]. Thesetechniquesare
complementaryto our work, which relieson moredetailed
arraysectionanalysisto work with array-basedcomputa-
tions (including thoseaccessingarraysvia pointers).Sev-
eral othersystems,suchasCilk [2] andthe Multilisp lan-
guage[17] provide run-timesupportto exploit parallelism
betweenrecursive calls.

RinardandDiniz presentcommutativity analysis[24] for
parallelizingirregular, object-basedcomputations,includ-
ing recursive procedures,which perform operationsthat
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Figure 1. Program example: quicksort

commute.Theirwork doesnothandlemethodswhichwrite
into their referenceparameters.

RuginaandRinardhave independentlydevelopedtech-
niquesto automaticallyparallelizedivide-and-conquerap-
plications[25]. They achieve roughlysimilar resultsasour
work. However, the two approachesdiffer in the follow-
ing ways. First, our work usesdifferentsymbolicanalysis
techniquesthatextendthoseemployedin productioncom-
pilers: we usenovel extensionsto (anda combinationof)
guardedarray region analysis[8], symbolic rangepropa-
gation[1], andgeneralizationsof inductionvariableanal-
ysis [6], while RuginaandRinarduseabstractinterpreta-
tion techniquesandcorrelationanalysisof variables,to ob-
tain preciseenougharrayaccessinformationto supportde-
tectionof parallelism. We believe that their analysis[25]
would fail to detectparallelismin our motivatingexample,
describedin Section3. Second,our work is uniquein pre-
sentingtechniquesfor speculative parallelizationof recur-
sive procedures,which canbeusedto parallelizeprograms
wherecompile-timeanalysisaloneis incapableof extract-
ing parallelism.

Moon andHall usepredicatedarraydataflow analysis
for automaticparallelization[20]. They deriveefficientrun-
timeparallelizationtestsfrom thesepredicates.

3 Motivating Example

Considera quicksortprogram,takenfrom [18], shown
in Figure 1. The QuickSortprocedureselectsan element*b+ ��-.�����c/

asa pivot elementaroundwhich
�P-.�����9dY�������R/



is partitioned. After partitioning the array suchthat ele-
mentssmallerthanthepivot elementaremovedbeforethe
position lastsmall, it makestwo recursive calls to sort the
two partsof the array e . Theserecursive callsoperateon
distinct sectionsof the array. The compiler requiresad-
vancedsymbolicanalysisandinterproceduralarraysection
analysisto infer that thereis no overlapbetweendataref-
erencedin the two calls. Hence,thesecalls can be exe-
cutedin parallel. The parallelismbetweenthe two proce-
durecalls canbe exploited at eachsuccessive level of re-
cursion.Hence,therun-timesystemcanallow thenumber
of parallelwork itemsto besteadilyincreaseduntil it is no
longerprofitableto createadditionalparallelwork.

4 Compile-Time Analysis

The basicgoal of our compile-timeanalysisis to de-
terminethe independenceof differentrecursive calls in a
procedure,basedon theabsenceof dataandcontroldepen-
dencesbetweenthem. We have addedtheseanalysesto an
existing optimizer, the TorontoPortableOptimizer, which
formspartof bothFortran90andC compilers.It workson
acommonintermediatelanguage,W-Code,thatis produced
by differentfront-ends. Theseanalysesareperformedaf-
teraninterproceduralapplicationof classicaloptimizations
like constantpropagation,copypropagation,anddeadcode
elimination.

4.1 BasicArray ReferenceProcessing

Theoptimizerdealswith differentkindsof arrays,stati-
cally or dynamicallyallocated(possiblyaccessedvia point-
ers), and thoseoriginating from different languagecon-
structs(and hence,with different data layout orders), in
a unified manner. It seesarray referencesin the form offYg	h�i�jOkmlon�pEj�qsr�t.j	uLh�v , where g�h�i�j2kmlwn�pEj�qsr is the address
where the x�y�z array elementwould be located(it is an
adjusted,hypothetical,addressif zero is not a valid sub-
script),andsubis thelinearizedsubscript.For anexplictly
namedarray(say, e t v ), the baseexpressionis an address
of the variable( e ), while for an arrayaccessedthrougha
pointer, it representsthevalueof thepointer. Thecompiler
performsflow-sensitive, context-sensitive, interprocedural
pointeranalysis[3], which is usedto provide aliasingin-
formationto arraysectionanalysis. If an array is aliased
with anothervariable,an accessto that aliasedvariableis
regardedaspotentiallytouchingany partof thegivenarray.

Thesubscriptinformationfor a multidimensionalarray,
whichappearsto theoptimizerin analmostlinearizedform
(theinformationaboutindividualdimensionsis retainedvia
separateindexing opcodesfor differentarray dimensions,
generatedby theFortran90andC front-ends),is processed
to recoverseparatesubscriptvaluesfor distinctstridesbeing

usedin the(linearized)subscriptexpression.Currently, our
techniquesfail to accuratelyhandlecaseswherethe base
addressis not invariant,but canbeextendedto cover cases
wheredirectadditionsto thebaseaddress(ratherthansub-
scripts)areusedto accessdifferentarrayelements.

4.2 Interpr oceduralArray SectionAnalysis

For eachprocedure,the compilerobtainsthe following
informationaboutformalparametersandglobalvariables:
MAYDEF: variablesthatmaybewritten.
MUSTDEF: variablesthataredefinitelywritten.
UPEXPUSE: variablesthat may have an upward exposed
use, i.e., a usenot precededby a definition along a path
from theprocedureentry.

For arrays,this information is representedusing a list
of GuardedArray Regions(GARs)[8]. A GAR is a tuple{}|,~��,�

, where
�

is a boundedRegular SectionDescriptor
(RSD)[13] for theaccessedarraysection,and

|
is a guard

thatspecifiestheconditionunderwhich
�

is accessed[8].
The boundedRSD provides information about the lower
bound,upperbound,andthestridein eachdimension,and
thusrepresentssectionsthatmaybedescribedusingFortran
90 triplet notation.Eachbound,strideor predicateexpres-
sionmayincludeconstantsor scalarsthatareformalparam-
etersor globalvariables,or it maytakeastaticallyunknown
value,representedas � .

While performinga union or subtractionoperationon
GARs, if theresultcannotbeaccuratelyrepresentedusing
a singleGAR, it is representedasa list of GARs. In our
currentimplementation,we alsoextendthe representation
of a GAR in a similar manner:it consistsof a list of RSDs
associatedwith a singleguard. For the sakeof efficiency,
the numberof entriesin eachlist is not allowedto exceed
aparameterizedconstantvalue(ourcurrentimplementation
usesa valueof 5). Whenever an operationwould lead to
thesizeof thelist exceedingthis limit, entriesfrom thelist
areheuristicallychosenfor combining.Furthermore,each
time thearrayaccessis summarizedfor an interval, i.e., a
loop or theentireprocedure,thelist is compressedif some
entriesin thelist canbecombinedwithout losingaccuracy.

Theprocedurefor computingMAYDEF, MUSTDEF and
UPEXPUSE is describedin [8]. Our adaptationof this
procedure,apart from applying it to handlerecursionas
well, differs from [8] mainly in the following ways: (i)
we usemoresophisticatedsymbolicanalysis,discussedin
Section4.5, to obtainmoreprecisearraysectioninforma-
tion, and (ii) we control the costof symbolic analysisby
performingsymbolicexpressionsimplificationonly when
compressingthe list of GARs, ratherthaneachtime a set
operationis performedon two GARs.

For thepurposeof illustratingouranalysisto detectpar-
allelism betweenrecursive calls, we outline the procedure



briefly for computingUPEXPUSE, whichis donein aback-
ward passover the control flow graph(CFG). It is based
on computingthe setsUEUIN/UEUOUT, at entry/exit of
eachCFG node,which keepa cumulative accountof up-
wardexposedusesstartingbackwardsfrom the exit node.
UEUOUT � is initialized to � for theexit node,andthevalue
of UEUIN obtainedfor the entrynodeis usedasthe sum-
mary UPEXPUSE informationfor the procedure.The fol-
lowing basicequationsdescribethecomputationfor anode�
, whichcouldrepresenta basicblock, loop,or procedure.

UEUIN ��� � UEUOUT �B� MUSTDEF ���)� (1)

UPEXPUSE � (2)

UEUOUT ��� �c�O���E�����	� �Q� UEUIN � (3)

While applyingEquation3 above, theconditionfrom the
predicateassociatedwith the control flow edgefrom node�

to node � is addedto the guardof theGAR representing
UEUIN � . We useinterval analysisto handleloops[8, 10].

The overall interproceduralanalysisis performedin a
reversetopologicalsort orderover the call graph. In the
absenceof recursion,this ensuresthat while encountering
a call to procedure� , the summaryMAYDEF � MUSTDEF,
andUPEXPUSE informationrecordedfor � is alreadyavail-
able at its call site. This summaryinformation is trans-
latedto replaceformalparametersby actualargumentsused
at the call site. Our currentimplementationperformsthis
translationaccuratelyonly for caseswherethearrayshape
doesnot changeacrosstheprocedurecall. Thealiasingin-
formation,obtainedseparatelyby thecompiler, is takeninto
accountby modifyingthearraysectioninformationconser-
vatively, asmentionedin Section4.1.

Some observations We have found information from
guardsto becrucialfor accuratearraysectionanalysis.For
example,while computingUPEXPUSE for � in theQuick-
Sortprocedureshown in Figure1, considerthe apparently
simpleunionoperationof ���.� ���w�F�����w�S��� , from theread
accessbeforetheloop,with ���.�����������Y�� �¡��¢�R��� , from the
readaccessin the loop. Thecompilerwould fail to obtain
theresultingsection,which maybeover-approximatedfor
correctness,as ��� £Q¤�¥¦�Y§ �E¨ §¢�L�O�©� without informationfrom
thepredicateª�� ���9«(�) �¡!�#¬ thatguardstheprocedurebody.
Clearly, ���.� ���­�®�� �¡��¯����� would not correctly represent
���.�����D�#�����D�°�O�)�±�P�.�����;�¦�P�L�� �¡��;�°��� if ª�� ���³²K�� �¡��°¬ ,
sinceit wouldbeanemptysectionunderthatcondition,and
hencewould incorrectlyexcludetheelement���.�����c� .

Using a list of GARs givesus the flexibility of attach-
ing andexploiting guardinformationin a natural,bottom-
up manner, ratherthanhaving to propagateguardinforma-
tion eagerlyinsideprogramintervals. In the above exam-
ple, the entriesfor array sections���.�����´�m� ���´�P��� and���.�����µ�9������  ¡!�¶�°��� wouldbekeptseparateinitially. The

predicateª^�����·«¸�� �¡��
¬ is addedto the list of GARs just
beforeUPEXPUSE is summarizedfor the QuickSortpro-
cedure. It is during the compressionof the list of GARs
attemptedwhile summarizingUPEXPUSE for the proce-
dure, that the two array sectionsare combinedto obtain
���.�����K�Y�) �¡!�¹�L��� .
4.3 Handling of Recursion

We usefixedpoint iterationto dealwith recursion.For
example,let UPEXPUSE

�º denotethe upwardexposeduse
computedat the endof analysispass

�
throughthe proce-

dure � . During pass
�
, UPEXPUSE

�\»B¼º is usedto compute
the upwardexposedusesummaryfor eachrecursive call
(UPEXPUSE ½º is initializedto � ). Theiterativeprocedureis
repeateduntil thesolutionto UPEXPUSE º converges.

For the sakeof efficiency, we boundthe numberof it-
erationsto two. If convergenceis not reachedby the end
of thesecondpass,UPEXPUSEº is setto ¾ , whichdenotes
an unknown value. We expect two passesto be sufficient
for thedataflow solutionto converge for a typical divide-
and-conquerapplication.While therecursive invocationsto
theproceduresolvedifferentpartsof theproblem,eitherthe
partition stepwhich precedesit or thecombinestepwhich
followsit, or both,typically accessthecompletedata.As a
result,thesummarydataaccessinformationfrom therecur-
sive procedurecall sites,correspondingto thesubproblems
beingsolved,do not contributeanything in additionto the
dataaccessdescriptorobtainedfor theoverall procedureat
theendof thefirst analysispass.

4.4 Check for Independencebetween Call Sites
and CodeMotion

Different recursive calls can be executedin parallel if
therearenocontrolor datadependencesamongthem.Cur-
rently, we only considerrecursive calls in the samebasic
block in theprocedure,which trivially impliesthat thereis
no controldependencebetweenthem. Considertwo recur-
sive call sites ¿ ¼ and ¿SÀ , where ¿ ¼ appearsbefore ¿SÀ in a
givenbasicblock. If therearemorethantwo recursivecalls,
they canbehandledby atrivial extensionof theanalysiswe
shallnow describe.

¿ ¼ and ¿IÀ can be executedin parallel only if thereis
nochainof datadependences,possiblyvia otherstatements
in the basicblock, from ¿ ¼ to ¿IÀ . This is testedby con-
tructingadatadependencegraphwith nodescorresponding
to statementsin that basicblock from ¿Á¼ to ¿ À , andver-
ifying that thereis no path along datadependenceedges
from ¿Á¼ to ¿ À . We checkfor, respectively, true,anti, and
output dependences,from statementÂF¼ to statementÂ À ,
with the following tests: MAYDEF ÃÅÄÇÆ UPEXPUSE Ã�È>É�� , UPEXPUSE Ã ÄÇÆ MAYDEF Ã È9É�­� , and MAYDEF Ã ÄÊÆ



MAYDEF Ë�Ì_ÍÎAÏ . If parallelizationis preventedby only
anti andoutputdependences,thosefalsedependencescan
be overcomeby introducing extra storageand renaming
variables.

Oncethe completeindependenceof ÐÁÑ and ÐSÒ is es-
tablishedfollowing theabove procedure,all statementsbe-
tween Ð Ñ and Ð Ò arepartitionedinto three,possiblyempty,
sets:(i) statementsto whichthereis adirector indirectdata
dependencefrom Ð Ñ , (ii) statementsfrom which thereis a
director indirectdatadependenceto Ð Ò , and(iii) all other
statements.The first setof statementsaremoved after Ð Ò
in the samebasicblock, the secondset of statementsare
movedbefore ÐcÑ , andstatementsbelongingto thethird set
may be moved eitherbefore ÐÁÑ or after ÐSÒ . Within each
set,theorderingamongststatementsis preservedunderthis
codemotion.This resultsin all recursive callsbeingplaced
adjacentto eachother, thusisolatingthe taskbeingparal-
lelizedfrom therestof thecomputation.

4.5 SymbolicAnalysis

We now describesomeof our symbolic analysistech-
niquesthat enablethe detectionof parallelismto be done
moreeffectively. Essentially, werequireanaccurateestima-
tion of therangeof valuestakenby anexpressionappearing
in thedescriptorrepresentingMAYDEF or UPEXPUSE in-
formationfor anarray.

Overview of Symbolic RangeComputation Framework
Our framework hassomesimilaritiesto BlumeandEigen-
mann’s demand-driven symbolicrangepropagationalgo-
rithm [1], and Tu andPadua’s work on gatedSSA-based
symbolicanalysis[26]. Unlike their work, we apply this
analysisonly while wideningalist of GARs,for summariz-
ing it with respectto a programinterval. Using symbolic
analysisat thatstagealsohelpscompressthelist of GARs.
In our framework, thepredicateexpressionappearingin the
GAR candirectlybeusedto refinetherangeof expressions
correspondingto dataaccess,sothatwedonot have to fol-
low gated-SSAlinks, asin [26], or follow dominatingcon-
trol flow edges,asin [1]. Theexpression,whoserangeis to
becomputed,is first expandedby substitutingeachvariable
having a uniquereachingdefinition with therhs expres-
sionusedin its assignment.It is thensubjectedto algebraic
simplification, which usesextensive constantfolding, ex-
ploitsalgebraicpropertieslike commutativity, associativity,
anddistributivity of the relevant operationsover integers,
andusesbooleanequalitieslike deMorgan’s laws for sim-
plifying predicateexpressions. The boundson the value
of any variableappearingin theresultingexpressionareob-
tained,as explainedbelow, by (i) substitutingthe known
boundsof thatvariablefrom the interval descriptor, if it is
aninductionvariableor monotonicvariable,and(ii) taking

into accountthe predicatein the GAR. Theseboundsare,
in turn, usedto obtainsymbolicrangeinformationfor the
expressionsappearingin the GARs. We usethe notationÓ2ÔSÕ Ö to denotetheminimumvalueanexpressionÓ cantake,
and Ó2Ôc×^Ø to denoteits maximumvalue. We notethat if no
boundsinformationis availablefor a variable Ù , its range
expressionsimply appearsas ÚVÙ ÔSÕ ÖLÛ Ù Ôc×�Ø�Ü , which is inter-
pretedfor aninterval Ý as ÚVÙ Û Ù Ü if Ù is invariantwith respect
to Ý , and Ú.ÞÊß Û	à ß Ü if Ù is not invariantwith respectto Ý 1.

Monotonic Variables Our compiler recognizesmono-
tonicvariables, whichareincrementedor decrementedcon-
ditionally, but monotonically, within a loop body[6]. We
extend the conventional definition of monotonicvariable
with respectto a programinterval [6] to includethe inter-
val in which it is initialized, if it is not usedprior to its
initialization, and if it satisfiesthe monotonicityproperty
after its initialization. For example,in Figure1, the vari-
ablelastsmallis regardedasmonotonicwith respectto the
outermostinterval in QuickSort, which representstheover-
all procedure.Ouralgorithmis otherwisesimilar to theone
proposedby Gerleket al. [6], and is appliedasan exten-
sionto inductionvariablerecognition.For eachinterval, it
identifiesmonotonicvariablesandthemaximumincrement
or decrementof their valuesin a singleiterationof the in-
terval. Therefore,for countableloops suchasdo loops,
symboliclowerandupperboundscanbeestablishedon the
valueof a monotonicvariable. For loopswithout a fixed
count,suchasgeneralwhile loops,asymboliclower(up-
per)boundcanbeobtainedfor a monotonicallyincreasing
(decreasing)variable. Our algorithmpropagatesinforma-
tion aboutthemonotonicityof a variableto outerintervals
thathave nootherdefinitionof thatvariable,andalsoto the
interval which initializes it, provided that initial definition
dominatesall usesof thevariablein thatinterval.

Using Predicate in GAR to refine Symbolic Range of
a Variable The predicateis first subjectedto expression
simplificationandis transformedinto a form thatusesonly
conjunctiveanddisjunctiveoperationsovertermsrepresent-
ing relational expressionsof the form á�â	ãOä
å�æWçAâ�ãOä
å2èYé ,
where çëê?ì�í Û2îmÛ Î Û2ïmÛ�ðòñ . Given a variable Ù whose
rangeof valuesis to be computed,if a relationalexpres-
sioncanbeexpressedas á}Ù,ç³â	ãOä
åYé , a constrainingrange
is obtainedfor Ù . For example, á\Ù î â	ãOä
å�é impliesa range
ÚVÙ ÔSÕ Ö Û â�ã�ä#å Ôó×^Ø Ü for Ù (i.e., Ù Ôc×^Ø Î â�ãOä
å Ôc×^Ø ). Similarlyá}Ù ð â	ãOä
åYé implies a range Ú â�ã�ä#å ÔIÕ Ö Û Ù Ôó×^Ø�Ü for Ù (i.e.,
Ù ÔSÕ Ö Î â	ãOä
å ÔSÕ Ö ). If the relationalexpressioncannotbe

1Welooselyusetheterm ôSõ to denotethehighestpossiblevalueof a
variableand ö÷õ to denotethelowestpossiblevalueof thevariable.Our
implementationusestheinformationon datatypeof a variableto usethe
appropriatenumberor flag. For instance,for anunsignedintegervariable,öBõ correspondsto zero.



expressedin theform ø\ùmú'û�üOý
þYÿ , therangefor ù from that
expressiontrivially remains �Vù���� ����ù��	��

� . Rangesareob-
tainedfrom conjuctionanddisjunctionof relationalexpres-
sions��� and ��� usingthefollowing two rules:

þ������YûÅø����������2ÿ�� þ������YûÅø����2ÿ! ¹þ����"�YûÅø#����ÿ
þ������YûÅø�����$����2ÿ�� þ������YûÅø����2ÿ!%¹þ����"�YûÅø#����ÿ

While applyingtheabove rules,any unresolvedtermof the
form ù ��� � is treatedas &(' andof theform ù �)��
 is treated
as*+' . For example,consideraGAR, ,-�/.}ù10-243�3�$cù�05 ��67�Vù�*829�#: , beingexpandedwith respectto aloopin which
ù isamonotonicallyincreasingvariablewith aninitial value
of 3 (i.e., ù���� �;�<3 ) and 5 is a monotonicallydecreasing
variablewith an initial valueof =�3 (i.e., 5 �	��
1�<=�3 ). We
simplify theGAR by establishinga rangefor ù as:

�Vù���� �>�?243�3@��%A�Vù���� ��� 5 �)��
?�CB/� 3��42?3�3@��%A�D3��9=�3@�EBF� 3���=�3?�G�
thusobtaining ,H�/.}ù�0I243�3J$±ù�0 5 �G6K�L2NM"=�2O�#: .
4.6 Program Example

Let us revisit the programshown in Figure1 andillus-
tratesomesalientaspectsof our analysison thatprogram.
Thesymbolicanalysisidentifiesthevariablelastsmallasa
monotonicallyincreasingvariablewith respectto thefor
loop,with a maximumincrementof +1 in eachiterationof
theloop. The interproceduralside-effectssummaryfor the
procedurecallsoutsidetheloop shows that lastsmallis not
modified at any of thosecall sites. Hence,the symbolic
analysisis ableto propagatetheboundsinformationfor this
variableas PRQ�S-M�T�UWV�T for theentireprocedureinterval.

The array section analysis, in the first pass through
the QuickSortprocedure,obtainsboth MAYDEF and UP-
EXPUSE information for the array 6 as 6K�XPRQ�S�MKY"ZR�?Y"� ,
by regarding the MAYDEF and UPEXPUSE information
at the recursive call sites as [ initially and by exploit-
ing the boundsinformationfor lastsmall. During the sec-
ond passthroughthe procedure,this parameterizedarray
sectioninformation is translatedto 67�XPRQ�S\�
PR��]_^W]9`a��PWPX� and
67�XPR��]O^b]9`c��PWP_*d2���YEZR�?Y�� respectively at thetwo recursivecall
sites. The union operationof eachof thesesectionswith
67�XPRQ�SeMfY"ZR�?Y"� leadsto no change,giventhe boundsinfor-
mationon lastsmall. Hence,theconvergedsolutionfor both
MAYDEF andUPEXPUSE for theprocedurewith respectto
thearray 6 is obtainedas 6K�gPLQ�S-M"Y"ZL�4YE� .

The two recursive callsappearin thesamebasicblock,
asrequiredby our parallelizationanalysis.Thereis no in-
terveningstatementbetweenthem. A datadependencebe-
tweenthe two call sitesis ruledout by the testsdescribed
in Section4.4,astheintersectionof 6K�XPRQ�S+�_PL��]_^b]�`a��PbPg� with
67�XPR��]O^b]9`c��PWP�*H2��9Y"ZL�4Y�� is identifiedasnull. Hence,we rec-
ognizethe two recursive calls to QuickSort as forming a
paralleltask.

5 Run-Time Support

Ourrun-timelibrary supportfor parallelexecutionof re-
cursive proceduresis an extendedversionof that usedfor
supportingdynamicschedulingof loops[15]. Thecompiler
usesthe outlining transformationto convert the givenpar-
allel loop or taskinto a subroutine,to bescheduledamong
threadsusinga singlesharedwork-queue.A singlemaster
thread,whichalsoexecutestheserialpartsof theprogram,
createsslave threadsthatwill participatein parallelexecu-
tion, at the beginningof theprogram.Eachwork item put
on the queuerepresentsthe multiple recursive invocations
madein the sameprocedure,which areto be executedin
parallel. A singlerecursive call, referredto asa chunkof
work item, is the unit of work allocatedto a given thread.
While the initial parallelwork item is placedon thequeue
by the masterthread,slave threadscan subsequentlyen-
queuework itemsaswell, sincewe supportnestedparal-
lelism.

Eachthreadwhich enqueuesa parallelwork item also
participatesin its execution. In fact, after completingits
chunk,if thereis noavailablework within thatitem,it looks
for work on other itemsthat may have beenenqueuedby
other threads. When there is no more work available, it
waits for the work item that it enqueued(on which other
threadsmaybeworking) to becompleted.Oncethat item,
correspondingtoall recursivecallsmadein theoriginalpro-
cedureassignedto it, is completed,it resumesexecutionof
theremainingcodein theprocedureaftertherecursivecalls.
This strategy allows all threadsto participatein theexecu-
tion of parallel taskscreatedat deeperlevels of recursion
beforebeingblockedat higherlevels, waiting for children
recursive callsto beover.

As thecomputationproceeds,theparallelwork itemsen-
queuedat deeperlevelsof recursionincreasinglyrepresent
smallergrainsof computation. Hence,we needa mech-
anismto control the creationof parallelwork items. We
usea heuristicapproachwhich boundsthenumberof par-
allel unitsof work to a constantmultiple of thenumberof
processorsexecutingthe program. The valueof this con-
stant, that we refer to as the parallel load factor, can be
tunedbasedon theneedfor loadbalancing.If this param-
eter is set to one, the numberof parallel taskswould be
equalto thenumberof processors.Althoughthetotal over-
headof theenqueueandthedequeueoperationson thetask
queuewouldbeminimizedin thiscase,it would leave little
room for load-balancingif differenttasksrequiredifferent
amountsof time. By increasingthetotalnumberof parallel
tasksto ahighervalue,wecanobtainbetterloadbalanceat
theexpenseof increasedschedulingoverhead.

Theactualmechanismusedin therun-timesystemis to
keeptrackof thedepthof recursionandlimit thedepthbe-
yondwhichfurtherrecursivecallsareexecutedserially. Let
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while TRUE do

repeat
� | �+� �

until
r7� �?��� �

repeat
� | � �-�

until
r7� �b��� �

if
�	y��
m�� ~9� q#rK� �W�Gs�r7� �4�#v

else
return

�
end if

enddo�

Figure 2. An alternate form of pseudocode for
quicksort

�
be the fixed numberof recursive calls to the procedure

which aremutuallyindependent.If � is thenumberof lev-
elsof recursionuntil whichparallelwork itemsarecreated,
thetotalnumberof parallelchunksof work createdis

���
. If�

is thenumberof processorsandtheparallelloadfactoris� , then � is obtainedas �W�L����� q ��� � v � . Therun-timeparallel
tasksetuproutine, which is called from the outlinedpro-
cedurethat representsthe parallel task,keepstrack of the
depthof recursion,andeitherenqueuesanew work itemon
thequeueor executestheoriginalcallsserially.

6 SpeculativeParallelization

It may not alwaysbe possiblefor the compiler to es-
tablish the absenceof data dependencebetweendiffer-
ent recursive calls. Considera slightly different form of
QuickSort program[4], shown in Figure2. For arrayac-
cessesin thewhile loop of procedurePartition, the
compiler is able to establishthe boundson

�
as
� �_¡�¢ £ws�uE�

,
andon

�
as
� tGsG� ¡	¤�¥ �

. Thewrite accessesto
r7� �b�

and
r7� �4�

are
guardedby the conditional

�¦y§�
, which whencombined

with theboundsinformationfor
�

and
�
, canallow thecom-

piler to obtaintheMAYDEF sectionof
r

as
rK� t	¨"uE�

. How-
ever, thecompileris not ableto obtaintight boundson the
sectionof

r
with readaccess,so thatUPEXPUSE for

r
is

obtainedas
rK�X�ª©«¨�©¬�

. Therefore,thetwo recursive calls
to QuickSort appearto have datadependencebetween
them.

In orderto dealwith theproblemof imprecisearraysec-
tion analysispreventingparallelization,weproposea novel
framework for run-timeparallelization.Basedonsymbolic
analysis,the compiler speculatively executesthe multiple
recursive calls in parallel and performsefficient run-time
teststo verify thelegality of parallelization.Ourframework
is inspiredby thatproposedby Rauchwerger[23] for paral-
lelizing do loops,but incorporatesmany improvements.

Givenmultiplerecursivecallsof aprocedurebeingspec-
ulatively parallelized,thecallsotherthanthefirst recursive
call are regardedas speculative. Thesecalls aremadeto
a modified version of the procedure,in which all write-
ablevariablesareallocatedfrom theprivatememoryof the
thread.Beforebeginningparallelexecution,theupwardex-
posedusesectionsof thosevariablesare copiedin from
sharedmemory. After completion,if therun-timetest,de-
scribedbelow, indicatessuccessfulparallelization,livedata
from eachof thoseproceduresis copiedback into shared
memoryin thesequentialorderof their calls,thuscommit-
ting theresultsof theparallelcomputation.If therun-time
testshows a datadependencebetweenthe recursive calls,
thendatafrom the speculative calls is discardedandthey
arere-executedsequentially. Thisapproachsignificantlyre-
ducesthe penaltyof mis-speculationif the procedurecalls
turn out to have dependences,sincethe computationfrom
the first recursive call (which is executedin parallelwith
otherrecursive calls) is not thrown away, unlike theframe-
work proposedin [23], wherethe entireloop computation
is discardedif theloop is foundto beserial.

The compilerdecidesto usespeculative parallelization
only when it fails to obtain symbolic bound(s)for MAY-
DEF or UPEXPUSE sectionof oneor morearrays,andthe
conservative settingof that boundto

�(©
or � © leadsto

an apparentdatadependencefrom one recursive call site
to another. For eachsucharray, an additionalboundsar-
ray is created,which recordsthe lowest and the highest
subscriptpositions,in eachdimension,for readandwrite
accessesin the procedure,if the conservative valuesob-
tainedfor thoseboundsat compile-timeare

�ª©
or � © .

By takingadvantageof theinformationaboutmonotonicity
of subscriptexpressionsin a loop,basedon therecognition
of inductionandmonotonicvariables,it maybepossibleto
hoist muchof the computationto updatethe boundsarray
outsidetheloop. Previously proposedrun-timeparalleliza-
tion schemes,suchas[23, 9], useshadow arraysto record
read and write accessto eacharray element. Although
thoseschemescandetectparallelismin morecasesfor ar-
bitrary dataaccesspatterns,they incur greateroverheadof
checkcomputation,which seemsunnecessaryfor applica-
tions wherepotentiallyparallelcomputationpartitionsop-



Program SerialTime(sec)
1M 2M 5M 10M

MergeSort 12.39 26.13 70.23 147.11
QuickSort1DataSet1 8.51 21.53 85.09 268.43
QuickSort1DataSet2 8.58 21.40 84.09 267.50
QuickSort2 6.78 14.66 37.90 N/A

Table 1. Serial execution times of programs

erateoncontiguousdata.PatelandRauchwergerhave inde-
pendentlyproposedasimilarscheme,usingshadow interval
structures,for loops[21].

Finally, at the endof speculative executionof the pro-
cedurecalls, a run-time test is performedto checkif the
parallelizationwasvalid. This testverifies the absenceof
true datadependencebetweenrecursive calls by checking
that MAYDEF for the earlierrecursive call hasno overlap
with UPEXPUSE for the latercall, usinginformationfrom
the boundsarray(s). Unlike the generalLRPD test pro-
posedin [23], in whichantiandoutputdependencesarealso
checked,our run-timetestcansafely ignoresuchstorage-
relateddependences.Thevery mechanismof usingprivate
storagefor eachvariablebeingwritten in theprocedure(to
supportrollback of speculative computation)allows these
storage-relateddependencesto bebroken[9].

7 Experimental Results

Wenow presentexperimentalresultsobtainedonanIBM
G30sharedmemorymachinewith four PowerPC604pro-
cessors.We have implementedthecompileranalysis,code
generation,andtherun-timesystemdescribedin this paper
to supportnestedparallelizationof recursiveprocedures.In
the future, we also plan to implementour framework for
speculativeparallelization.

We selectedthreeprograms,written in C, which could
not beparallelizedby any othercompilerat thetimeof our
experiments.Thefirst programis Mergesort, which ap-
pliesthestandardmergesortalgorithm[4] onanarray. The
remainingprograms,which we refer to asQuickSort1
and QuickSort2, are basedon the two versions of
QuickSort, shown in Figures1 and 2. Mergesort
andQuickSort1 wereparallelizedautomaticallyby our
compiler. For QuickSort2, wherecompile-timeanaly-
sisalonecannotpossiblysucceed,wemanuallyappliedthe
techniquesfor speculative parallelization.In eachcase,we
initializedthearrayto besortedusingpseudo-randomdata.

Figure3 showsthespeedupsobtainedontheseprograms
for differentarraysizes,rangingfrom 1M (onemillion) to
10M elements.Table1 shows theserialexecutiontime for
eachcase.We observedsignificantvariationin theperfor-
manceof the parallelversionof QuickSort1 for differ-

entdatasets(dueto differentwork partitionsgeneratedfor
differentdatasets),eventhougheachdatasetwaspseudo-
randomlygenerated.Hencewehaveshown its performance
for two separatedatasets.

Thespeedupsexhibited by MergeSort arequitecon-
sistentacrossdifferentdatasets,andvary between2.8and
3.0 on four processors.In QuickSort1, the distribution
of load betweendifferentparallel tasksis highly datade-
pendent,andhenceit showsmorevariationacrossdifferent
datasetsanddatasizes. The speedupsrangefrom 2.2 to
3.0 on four processors.We observed lower speedupsfor
QuickSort2. This can be attributed mainly to the ex-
tra overheadof copy-in and copy-outneededfor the pri-
vatizeddatato supportspeculative execution. A different
problemwith a higherratio of computationto datamove-
mentcould benefitmore from our speculative paralleliza-
tion techniques.

Figure4 shows the effect of parallel load factor (PLF)
on the performanceof programsfor a fixed data size of
2M elements.In MergeSort, thepartitioningof loadbe-
tweenthe parallel chunksof work is quite even. Hence,
whenusing two or four processors(any numberwhich is
a power of two), the performanceis betterat lower PLF
valuesdue to the lower schedulingoverhead. With three
processors,thereis agreaterneedfor loadbalancing,asthe
paralleltasksdonot fold evenly on to theavailableproces-
sors. Hence,a higherPLF leadsto improvedperformance
in that case.Similarly, the performanceof QuickSort1
improvesasPLF is increasedfrom 1 to 8. On every pro-
gram, raisingPLF from 8 to 16 hurtsperformanceas the
additionalschedulingoverheadhasabiggerimpactthanim-
provedloadbalance,which shows diminishingreturns.On
QuickSort2, a higher PLF leadsto larger memoryre-
quirementsandcopy-inandcopy-outoverheads.Hence,the
performanceononeprocessorshowsa cleardegradationas
PLF is increased.This effect is alsoseenasthenumberof
processorsis raisedto two. However, asthenumberof pro-
cessorsis increasedfurther, a higherPLF upto 8 improves
performanceastheneedfor load-balancingincreases.

Finally, we notethatour resultscouldonly bepresented
for a sharedmemorymachinewith four processorsthatwe
hadaccessto. Giventhatour methodsdetectfairly coarse-
grain parallelism,we expect significantlybetterspeedups
onparallelmachineswith largernumberof processors.

8 Conclusions

Even the most advancedparallelizingcompilerstoday
arenot ableto detecttheavailablecoarse-grainparallelism
in a largenumberof programs.In this paper, we have pre-
sentedourefforts towardsextendingthescopeof automatic
parallelizationto procedureswith multiple recursive calls
that operateon distinct data. Hence,our approachis par-



Figure 3. Performance results for different data sizes on IBM G30

ticularly well-suitedto parallelizingcomputationsthat use
divide-and-conqueralgorithms. We have presenteda so-
phisticated,yetpractical,compile-timeframework to detect
andexploit thisform of parallelism.Wehave alsoproposed
novel run-time techniquesto allow parallelizationof pro-
gramsfor which compile-timeanalysisaloneis not suffi-
cient. In the future, we plan to extendour techniquesto
parallelizecomputationsemployinga recursively blocked
arraylayoutandto parallelizecomputationswith apparent
controldependencesbetweenprocedures,possiblyusinga
combinationof compile-timeanalysisand run-timeparal-
lelization.
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