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We begin with a setof problemsthatwill be shavn to be completelyequivalent. The solutionto
eachproblemis the samesequenc®f numberscalledthe Catalannumbers.Laterin the document
we will deriverelationshipsandexplicit formulasfor the Catalannumbersn mary differentways.

1 Problems

1.1 BalancedParentheses

Suppose/ou haven pairsof parentheseandyouwould lik e to form valid groupingsof them,where
“valid” meanghateachopenparenthesifiasa matchingclosedparenthesisfFor example,((}()) is
valid, but ())()( is not. How mary groupingsaretherefor eachvalueof n?

Tablel shavsthe possiblegroupingsfor 0 < n < 5.

n=20:

*

1 way

n=1:

0

1 way

n=2:

00, ()

2 ways

n=3:

000,

00,

(0O, (00, (O

5 ways

n=4:

0000,
MOO,
0 M),

0000),
(0YC0),
(M O),

OO, 0C00),
OMO, «ONO,
(00, «CdMN

00N,
000,

14 ways

00000,
OMOoo,
000,
0YO0),
000,
(C;MHMO,
0Oy,
(oMo,
((CcO0N),

Q00w), 00O, OO0,
OO, OO, OUONO,
QMOO), OO0, OO,
(OYOO, (OYOO), (OO,
(CONOO, COHNW), COOMO,
(COONO, CCOMO, 0000,
OO0, (OO, CAOOO),
(CCoN ), OO0, O,
(CCCONN

000N,
0000,
(Moo,
0OMOoo,
0N O,
000N,
(M 0N,
(CCOYON,

42 ways

* |t is usefulandreasonabl¢o definethe countfor n = 0 to be1, sincethereis exactly oneway of

Tablel: BalancedParentheses

arrangingzeroparenthesesion’t write anything.




1.2 Mountain Ranges

How mary “mountainranges’canyouform with n upstrolesandn downstrolesthatall stayabove
theoriginal line? If, asin thecaseabove, we considerthereto be a singlemountainrangewith zero
strokes, Table2 givesallist of the possibilitiesfor 0 < n < 3:

n=20:|* 1 way
n=11/\ 1 way
n=2 /\ 2 ways
IAYAY AR
n=23: /\ 5 ways
/\ /\ /\/\ / N\
AYAVAYRAY AR YN AR VAYN / \, / \

Table2: MountainRanges

Notethatthesemustmatchtheparenthesis-groupingove. The* (” correspond$o “/” andthe*)
to “\”. Themountainrangedor n = 4 andn = 5 have beenomittedto save spaceput thereare14
and42 of them,respectiely. It is agoodexerciseto draw the 14 versionswith n = 4.

1.3 Diagonal-Avoiding Paths

In agrid of n x n squareshow mary pathsarethereof length2n thatleadfrom the upperleft corner
to thelower right cornerthatdo nottouchthediagonaldottedline from upperleft to lower right? In
otherwords,how mary pathsstayon or above the maindiagonal?
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Figurel-: CorrespondindgPathandRange

This is obviously the samequestionasin the exampleabove, with the mountainrangesrunning
diagonally In Figurel we canseehow onesuchpathcorrespond$o a mountainrange.

Anotherequialentstatementor this problemis thefollowing. Supposéwo candidates$or election,
A andB, eachreceiven votes.Thevotesaredrann out of thevoting urn oneafterthe other In how
mary wayscanthevotesbe dravn suchthatcandidated is never behindcandidateB?

1.4 Multiplication Orderings

Supposeyou have a setof n + 1 numbergto multiply together meaningthattherearen multipli-
cationsto perform. Without changingthe order of the numbersthemseles, you canmultiply the



numberstogetherin mary orders. Here are the possiblemultiplication orderingsfor 0 < n < 4
multiplications.The groupingsareindicatedwith parentheseanddot for multiplicationin Table3.

n=0|a 1 way

n=1| (ab) 1 way

n=2| ((a-b)-c), (a-(b-c) 2 ways

n=3 | (((ab)-c)-d), ((a-b):(c-d)), ((a-(b-c))-a), 5 ways
(a-((b-c)-d)), (a-(b-(c-d)))

n=4 ((((a-d)-c)-d)-e), (((a-b)-c)-(d-€)), (((a-b)-(c-d))-€), | 14 ways
((a-b)-((c-d)-€)), ((a-b)-(c-(d-€))), (((a-(b-c))-d)-€),
((a-(b-c))-(d-€)), ((a-((b-c)-d))-e), ((a(b-(c-d)))-€),
(a-(((b-c)-d)-€)), (a-((b-c)-(d-€))), (a-((b-(c-d))-€)),
(a-(b-((c-d)-€))), (a-(b-(c-(d-€))))

Table3: Multiplication Arrangements

To corvert the examplesabove to the parenthesisiotation, eraseeverything but the dotsand the
closedparenthesesand thenreplacethe dotswith openparenthesesFor example,if we wish to
convert(a-(((b-c)-d)-e)), first erasesverythingbut the dotsandclosedparentheses:)-)-)). Then
replacethe dotswith openparenthesew® obtain: (()()()).

The examplesin Table 3 arearrangedn exactly the sameorderasthe entriesin Table 1 with the
correspondenceescribedn thepreviousparagraphTry to corvertafew yourselfin bothdirections
to make certainyou understandherelationships.

1.5 Polygon Triangulation

If you countthe numberof waysto triangulatea regular polygonwith n + 2 sides,you alsoobtain
the CatalamnumbersFigure2 illustratesthetriangulationsfor polygonshaving 3, 4, 5 and6 sides.

/\
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Figure2: PolygonTriangulations

As you cansee,thereare 1, 2, 5, and 14 waysto do this. The “2-sidedpolygon” can also be
triangulatedn exactly 1 way, sothe casewheren = 0 alsomatches.



1.6 HandsAcrossa Table

If 2n peopleareseatedarounda circulartable,in how mary wayscanall of thembesimultaneously
shakinghandswith anothempersoratthetablein suchaway thatnoneof thearmscrosseachother?
Figure 3 illustratesthe arrangementfor 2, 4, 6 and8 people.Again, therearel, 2, 5 and14 ways

to dothis.
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Figure3: HandsAcrossthe Table

1.7 Binary Trees

The Catalamumbersalsocountthe numberof rootedbinarytreeswith n internalnodes.lllustrated
in Figure4 arethetreescorrespondingo 0 < n < 3. Therearel, 1,2, and5 of them. Try to draw

the 14 treeswith n = 4 internalnodes.
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Figure4: Binary Trees



1.8 PlaneRootedTrees

Figure5 shavsalist of the planerootedtreeswith n edgesfor 0 < n < 3. Try to draw the 14 trees
with n = 4 edges.
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Figure5: PlaneRootedTrees

1.9 Skew Polyominos

n=1 []
n=2 EDH
_ | E
n=3 LITT | ||
_| H |
n=4 I . | L
_|||III||I | |

Table4: Skew Polyominoswith Perimete2n + 2

A polyominois a setof squareconnectedy their edges.A skew polyominois a polyominosuch
that every vertical and horizontalline hits a connectedsetof squaresand suchthatthe successie
columnsof squaredrom left to right increasein height—thebottom of the columnto the left is
alwayslower or equalto the bottomof the columnto theright. Similarly, the top of the columnto
theleft is alwayslower thanor equalto the top of the columnto theright. Table4 shavs a setof
suchskew polyominos.



Anotheramazingresultis thatif you countthe numberof skew polyominosthathave a perimeternof
2n + 2, youwill obtainC,,. Notethatit is the perimeterthatis fixed—notthe numberof squaresn
thepolyomino.

2 A Recursive Definition

If you have corvincedyourselfthatall the problemsn the previoussectionareequivalent,it is only
necessaryo countoneof themto have a countfor all. If you have noideahow to begin, onegood
way is to write down aformulathatrelatesthe countfor a givenn to previously-obtainedcounts.It
is usuallyeasyto counttheconfigurationgor n = 0, n = 1, andn = 2 directly, andfrom there,you
cancountmorecomple versions.

In this section,we’ll usethe examplewith balancedparenthesediscussedndillustratedin Sec-
tion 1.1. Let usassumehatwe alreadyhave the countsfor 0,1, 2,3, - - - ,n — 1 pairsandwe would
like to obtainthe countfor n pairs. Let C; be the numberof configurationsof ¢ matchingpairs of
parenthesesoCy =1,C; =1,Cy =2,C3 = 5,andCy = 14,

We know thatin any balancedset,thefirst charactehasto be“(”. We alsoknow thatsomevherein
thesetis thematching®)” for thatopeningone.In betweerthatpair of parentheseis abalancedet
of parenthesegndto theright of it is anothetbalancedset:

(4)B,

whereA is abalancedetof parentheseandsois B. Both A andB cancontainupto n — 1 pairsof
parenthesedyut if A containsk pairs,thenB contains: — k — 1 pairs.

Thuswe cancountall the configurationsvhere A has0 pairsandB hasn — 1 pairs,whereA hasl
pairandB hasn — 2 pairs,andsoon. Add themup, andwe getthetotal numberof configurations
with n balancedairs.

Herearethe formulas. It is a goodideato try pluggingin the numbersyou know to make certain
thatyou haven't madeasilly error. In this casetheformulafor Cs indicatesthatit shouldbe equal
toC3=2-1+1-14+1-2=5.

Ci = CyC @
C; = CiCy+ CoCy ()
C; = 30+ Ci1Cy + CyCy )
Cy = (C3Cy)+CCL+ C1Cy + CyCs (4)
C, = Cn1Co+CphoCi+---+C1Cph_o+ CyCp_1 (5)

Considerothers(the triangulationof the polygonsin Sectionl.5,for example)andseehow exactly
thesameformulasrelatingthe C,, arise.

Usingthe formula, it is easyto obtainthefirst few Catalannumbers:1, 1, 2, 5, 14, 42, 132, 429,
1430, 4862, 16796, 58786, 208012, 742900, 2674440, 9694845, 35357670, 129644790, 477638700,
1767263190, 6564120420, 24466267020, 91482563640, 343059613650, 1289904147324, . ..



2.1 Counting Diagonal-Avoiding Paths

Perhapghe easiestway to obtain an explicit formula for the Catalannumbersis to analyzethe
numberof diagonal-aoiding pathsdiscussedn Section1.3. We will do so by countingthe total
numberof pathsthroughthe grid andthensubtractoff the numberof pathsthathit thediagonal.

FigdreG: Modifying aBad Path

Figure6 illustratesa typical paththatwe do not wantto countsinceit crosseghe dotteddiagonal
line. Sucha pathmay crossthatline multiple times, but thereis alwaysa first time; in the figure,
point P is thefirst grid pointit touchesonthewrongsideof thediagonal. Therewill alwaysbesuch
apoint P for every badpath.

For every suchpath,reflectthe pathbeginningat P—every time the original pathgoesto theright,
go down instead,andwhenthe original pathgoesdown, go to theright. It is clearthatby thetime
the pathreacheghe point P it will have traveledone more stepdown thanacrosssoit will have
moved k stepsto theright andk + 1 stepsdown. The total pathhasn stepsacrossanddown, so
thereremainn — k stepdo therightandn — k& — 1 stepsdown. But sincewe swap stepsto theright
andstepsdown, themodifiedpathwith have atotalof (k) + (n — k — 1) = n — 1 stepsto theright
and(k + 1) + (n — k) = n + 1 stepsdown. Thusevery modifiedpathendsat the samepoint,n — 1
stepgto theright andn + 1 stepsdown.

Everybadpathcanbe modifiedthis way, andevery pathfrom theoriginal startingpointto this point
n — 1 to theright andn + 1 down correspondso exactly one bad path. Thusthe numberof bad
pathsis thetotal numberof routesin agrid thatis (n — 1) by (n + 1).

Thereare (™*) pathsthroughank x m grid*. Thusthe total numberof pathsthroughthen x n

m

grid is (%) andthe total numberof badpathsis (,2). ThusC,, thent® Catalannumbey or the
total numberof diagonal-aoiding pathsthroughann x n grid, is givenby:

Cn = (2:) - (n2f1) B (2:) _nil(Q:) :n—li-l(Q:)

3 Counting Mountain Ranges—Methodl

A very similar algumentcanbe madeasin the previous sectionif we usethe interpretationof the
Catalamumbershasedn the countof mountainrangesasdescribedn Sectionl.2. In thatsection,
we areseekingarrangementsf n up-strolesandn down-strokesthatform valid mountainranges.

1To seethis, remembethattherearem stepsdown thatneedto betakenalongthek + 1 possiblepathsgoingdown. Thus
the problemreducego countingthe numberof waysof puttingm objectsin & + 1 boxeswhichis (mn"z‘k) .



If we completelyignorewhetherthe pathis valid or not, we have n up-strolesthatwe canchoose
from a collectionof 2n availableslots. In otherwords,ignoring pathvalidity, we aresimply asking
how mary waysyou canrearrange collectionof n up-strolesandn down-stroles. The answeris
clearly (°").

Now we have to subtracioff the badpaths.Every badpathgoesbelow the horizonfor thefirst time
at somepoint, sofrom thatpoint on, reverseall the strokes—replaceaip-stroleswith down-stroles
andvice-versa.lt is clearthatthe new pathswill all wind up 2 stepsabove the horizon,sincethey
consistof n 4 1 up-strolesandn — 1 down-strokes.Corversely every paththatendstwo stepsabove
the horizonmustbe of this form, soit correspondso exactly onebadpath.

How mary suchbad pathsare there? The samenumberasthereare waysto choosethen + 1

up-strolesfrom amongthe 2n total strokes,or (2" ).

Thusthe countof valid mountainrangespr C,,, is givenby exactly the sameformula:
c - 2n n\ _ [(2n n ny 1 2n
" A\n n+1l) \n n+l\n/ n+l\n)/

4 Counting Mountain Ranges—Method2

Hereis a differentway to analyzethe mountainproblem. This time, imaginethat we begin with
n + 1 up-strolesandonly n down-strolkes—weaddan extra up-strole to our collection.

First we solve the problem:How ary arrangementsanbe madeof these2n + 1 symbols without
worrying aboutwhetherthey form a “valid” mountainrange(whatever that meanswith an unbal-
ancednumberof up-strolesanddown-strokes). Clearly, if the orderingdoesnot matter thereare
(*™+1) waysto dothis.

n

Onething is certain,however. No matterhow they arearrangedthey mountainrangewill be one
unit higherattheend,sincewe take n + 1 stepsup andonly n stepsdown.

Let’s look at a specificexamplewith n = 3 (and2n + 1 = 7): up up down up up down down.
In Figure4, we have arrangedhis sequence@ver andover andyou canseethatevery 7 steps,the
mountainrangeis oneunit higher

Figure7: Growing Mountains

Sinceit is a repeatingpattern,it’s clearthatwe candraw a straightline below it thattouchesthe
bottom-mospointsof the growing mountainrange.

In our example,this touchingline seemdo hit only oncepercompletesetof 7 strokes,andwe will
shaw thatthiswill alwaysbethecasefor any unbalancediwumberof up-strolesanddown-stroles.



We candrav our mountainrangeon a grid, andit’s clearthat the slopeof theline is 1/(2n + 1)
(it goesup 1 unit in every completecycle of the patternof 2n + 1 strokes. But lines with slope
1/(2n + 1) canonly hit lattice pointsevery 2n + 1 units, sothereis exactly onetouchingin each
completecycle.

If you have a seriesof 2n 4+ 1 strokes, you can cycle that aroundto 2n + 1 arrangements.For
example,the arrangemenf /\ /\ canbe cycledto four otherarrangements/\/\/, \/\//, /\//\
and\//\/. Thatmeanghe completesetof arrangementsanbe dividedinto equivalenceclasseof
size2n + 1, wheretwo arrangementareequivalentif they arecycledversionsof eachother

If we considerthe versionamongthese2n + 1 cycles,the only onethat yields a valid mountain
rangeis theonethatbeginsatthelow pointof the2n + 1 arrangementThus,to geta countof valid
mountainrangeswith n up-strolesandn down-strokes,we needto divide our countof 2n + 1 stroke
arrangementby 2n + 1:

1 (2n+1) 1 @n+1)! 1 @) 1 (Qn)

n

“2n+1\ n T2+l aln+ ) n+l winl  n+l

5 Generating Function Solution

Using the formulas 1 through5 in Section2, we can obtain an explicit formula for the Catalan
numbers(, usingthetechniqueknown asgeneratindunctions.

We begin by defininga function f(z) thatcontainsall of the Catalamumbers:

f(z) =Co+Crz+ Co2® + C32° + - :ZCizi.
i=0

If we multiply f(z) by itself to obtain[f(z)]?, thefirst few termslook lik e this:

[£(2)]> = CoCo + (C1Cp + CoCh)z + (C2Co + C1C1 + CoCa)2> + - --

The coeficients for the powers of z are the sameasthosefor the Catalannumbersobtainedin
equationsl through5:
[f(z)]2 =C1 +Coz+C32°2 +Cy2+---. (6)

We cancorvert Equation6 backto f(z) if we multiply it by z andaddCy, sowe obtain:

f(z) = Co + 2[f(2)]*. ()

Equation? is just a quadraticequationin f(z) which we cansolve usingthe quadraticformula. In
amorefamiliar form, we canrewrite it as: zf2 — f + Co = 0. Thisis the sameasthe quadratic
equation:af? + bf + ¢ = 0, wherea = 2z, b = —1, ande = Cy. Pluginto the quadraticformula

andwe obtain:
1-—+1-4z

5y (8)

f(2) =



Noticethatwe have usedthe — signin placeof theusual+ signin the quadratidormula. We know
that f (0) = Cy = 1, soif wereplacedhe £ symbolwith +, asz — 0, f(z) = .

To expandf(z) we will justusethebinomialformulaon
V1—dz=(1-42)"2

If youarenotfamiliarwith theuseof thebinomialformulawith fractionalexponentsdon’t worry—
it is exactly the same gxceptthatit neverterminates.

Let's look at the binomial formula for an integer exponentandjust do the samecalculationfor a
fraction. If n is aninteger, thebinomialformulagives:

nn=1) sy, o= Din=2)

n—313
2-1 32.1 ¢ Ut

(@a+b)"=a"+ %a”‘lb1 +

If n is aninteger, eventuallythe numeratoris going to have a term of the form (n — n), sothat
termandall thosebeyondit will be zero. If n is notaninteger, andit is 1/2 in our example,the
numeratorsvill passzeroandcontinue.Herearethefirst few termsof theexpansiorof (1 —4z)'/2:

1 1 1 1 1 3
antr = -G G35 e G(=3)(=3)
(1-42) 1 1 4z + 51 (42) 391 (42)° +
G (=) (=3(=3) DD, 0
4-3-2-1 (42)" - 5-4-3-2-1 (42)" +
We cangetrid of mary powersof 2 andcombinethingsto obtain:
1 1 3-1 5:-3-1 7-5-3-1
(1-42)2=1- 1% 542«2 - Tszﬁ - 162* — Tszf - 9)
FromEquation9 and8:
1 3-1 5:-3-1 7-5-3-1
f) =1+ 522+ T4z2 + 82°% + 5 162* + - - (10)

Thetermsthatlook like7 - 5 - 3 - 1 areabit troublesome They arelik e factorials,exceptthey are
missingtheevennumbers But noticethat2?- 2! = 4-2, that23- 3! = 6-4-2, that2*-4! = 8.6-4-2,
etceteraThus(7-5-3-1) - 24! = 8!. If we applythisideato Equation10we canobtain:

=1+ () o) ) b =5 (3)

Fromthis we canconcludethattheit® Catalamsnumberis givenby theformula

1 /2
Ci_i+1(i)'

10




