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We begin with a setof problemsthat will be shown to be completelyequivalent. The solutionto
eachproblemis thesamesequenceof numberscalledtheCatalannumbers.Later in thedocument
we will deriverelationshipsandexplicit formulasfor theCatalannumbersin many differentways.

1 Problems

1.1 BalancedParentheses

Supposeyouhave � pairsof parenthesesandyouwould like to form valid groupingsof them,where
“valid” meansthateachopenparenthesishasa matchingclosedparenthesis.For example,

� � � � � �
is

valid, but
� � � � � �

is not. How many groupingsaretherefor eachvalueof � ?
Table1 shows thepossiblegroupingsfor ��� � ��� .�	� � : 
 �
��� ��	� � : � � �
��� ��	��� : � � � � ��� � � � � ��� � ��	��� : � � � � � � ��� ��� � � ����� � � ��� ����� � � � � ����� � � � � � ����� � ��	��� : � � � � � � � � ��� � � � � � � � ��� � � � � � � � ��� � � � ��� � � ��� ��� � � � � ��� � � ��� � �� � � � � � � � ��� � � � � � � � ��� � ��� � � � � ��� � � � � � � � ��� � � � � � � ���� � ��� � � � � ��� � � � ��� � � ��� � � � � � � � ��� � � � � � � ��	� � : � � � � � � � � � � ��� � � � � � � � � � ��� ��� ��� � � ��� ����� � � � � � ��� � � ��� ��� ��� � � � � ��� � � ��� � �� � � � � � � � � � ��� � � � � � � � � � ��� ��� � � � � ��� ����� � � � � � � � � � ��� ��� � � � � � � ���� � � � ��� � � � � ��� � � � � � ��� � � ��� ��� � � ��� � � ����� � � � � � � � � � ��� � � ��� ��� ��� ���� � � � � � � � � � ��� � � � � � � � � � ��� � � ��� � � � � ����� � � � � � � � � � ��� � � � � ��� ��� ���� � ��� � � � � � � ��� � � � � � � � � � ��� � � � � ��� � � ����� � ��� ��� � � � � ��� � � � � � � ��� ���� � � � ��� � � � � ��� � � � � � � � � � ��� � � � � � � ��� ����� � ��� ��� ��� � � ��� � � � � � � � � ���� � ��� � � ��� � � ��� � ��� � � � � � � ��� � � � � � � � � ����� � � � ��� ��� � � ��� � � � � � � � � ���� � � � � � ��� � � ��� � � � � � ��� � � ��� � � ��� ��� � � ����� � � � � � � � � � ��� � � � � ��� � � ���� � � � ��� � � � � ��� � � � � � � � � �

Table1: BalancedParentheses

* It is usefulandreasonableto definethecountfor ��� � to be � , sincethereis exactly oneway of
arrangingzeroparentheses:don’t write anything.
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1.2 Mountain Ranges

How many “mountainranges”canyouform with � upstrokesand � downstrokesthatall stayabove
theoriginal line? If, asin thecaseabove,we considerthereto beasinglemountainrangewith zero
strokes,Table2 givesa list of thepossibilitiesfor �������� :�	!�� : " #
$�% &�	!'# : ( ) #
$�% &�	!�* : ( ) *�$�% & +( ) ( )-,	(.)�	!� : ( ) /�$�% & +( )0( ) ( ) ( )0(1)( ) ( ) ( )-,2( ) (.)-,3(.) ( )-,	(4)-,	(4)

Table2: MountainRanges

Notethatthesemustmatchtheparenthesis-groupingsabove. The“ 5 ” correspondsto “ ( ” andthe“ 6
to “ ) ”. Themountainrangesfor �	!�7 and �3!�/ havebeenomittedto savespace,but thereare # 7
and 7 * of them,respectively. It is a goodexerciseto draw the # 7 versionswith �	!�7 .
1.3 Diagonal-Avoiding Paths

In agrid of ��89� squares,how many pathsarethereof length * � thatleadfrom theupperleft corner
to thelower right cornerthatdo not touchthediagonaldottedline from upperleft to lower right? In
otherwords,how many pathsstayon or abovethemaindiagonal?

( ).( ) ( )(1) (4)
Figure1: CorrespondingPathandRange

This is obviously the samequestionas in the exampleabove, with the mountainrangesrunning
diagonally. In Figure1 we canseehow onesuchpathcorrespondsto amountainrange.

Anotherequivalentstatementfor thisproblemis thefollowing. Supposetwo candidatesfor election,:
and ; , eachreceive � votes.Thevotesaredrawn outof thevotingurnoneaftertheother. In how

many wayscanthevotesbedrawn suchthatcandidate
:

is neverbehindcandidate; ?

1.4 Multiplication Orderings

Supposeyou have a setof �	<=# numbersto multiply together, meaningthat thereare � multipli-
cationsto perform. Without changingthe orderof the numbersthemselves,you canmultiply the
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numberstogetherin many orders. Hereare the possiblemultiplication orderingsfor >�?A@B?DC
multiplications.Thegroupingsareindicatedwith parenthesesanddot for multiplicationin Table3.@3E�> F GIH�J K@3E=G L F-M N O GIH�J K@3E�P L L F-M N O M Q O , L FRM L N M Q O O P9H�J K S@3E�T L L L F-M N O M Q O M U O , L L FRM N O M L Q M U O O , L L FRM L N M Q O O M U O , V9H�J K SL F-M L L N M Q O M U O O , L FRM L N M L Q M U O O O@3E�C L L L L F-M N O M Q O M U O M W O , L L L FRM N O M Q O M L URM W O O , L L L F-M N O M L Q M U O O M W O , G C�H�J K SL L F-M N O M L L Q M U O M W O O , L L FRM N O M L Q M L URM W O O O , L L L F-M L N M Q O O M U O M W O ,L L F-M L N M Q O O M L URM W O O , L L FRM L L N M Q O M U O O M W O , L L F-M L N M L Q M U O O O M W O ,L F-M L L L N M Q O M U O M W O O , L FRM L L N M Q O M L URM W O O O , L F-M L L N M L Q M U O O M W O O ,L F-M L N M L L Q M U O M W O O O , L FRM L N M L Q M L URM W O O O O

Table3: Multiplication Arrangements

To convert the examplesabove to the parenthesisnotation,eraseeverythingbut the dotsand the
closedparentheses,andthenreplacethe dotswith openparentheses.For example,if we wish to
convert L F-M L L L N M Q O M U O M W O O , first eraseeverythingbut thedotsandclosedparentheses:M M O M O M O O . Then
replacethedotswith openparenthesesto obtain: L L O L O L O O .
The examplesin Table3 arearrangedin exactly the sameorderasthe entriesin Table1 with the
correspondencedescribedin thepreviousparagraph.Try to convertafew yourselfin bothdirections
to makecertainyouunderstandtherelationships.

1.5 PolygonTriangulation

If you countthenumberof waysto triangulatea regularpolygonwith @YX�P sides,you alsoobtain
theCatalannumbers.Figure2 illustratesthetriangulationsfor polygonshaving T , C , V and Z sides.

Figure2: PolygonTriangulations

As you can see,thereare G , P , V , and G C ways to do this. The “ P -sidedpolygon” can also be
triangulatedin exactly G way, sothecasewhere@	E�> alsomatches.
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1.6 Hands Acrossa Table

If [ \ peopleareseatedaroundacirculartable,in how many wayscanall of thembesimultaneously
shakinghandswith anotherpersonat thetablein suchaway thatnoneof thearmscrosseachother?
Figure3 illustratesthearrangementsfor [ , ] , ^ and _ people.Again, thereare ` , [ , a and ` ] ways
to do this.

Figure3: HandsAcrosstheTable

1.7 Binary Trees

TheCatalannumbersalsocountthenumberof rootedbinarytreeswith \ internalnodes.Illustrated
in Figure4 arethetreescorrespondingto bYc�\�c=d . Thereare ` e ` e [ , and a of them.Try to draw
the ` ] treeswith \	f�] internalnodes. ghi jkl mn o pqr s tuv wx yz { |}~� � � � ��� � �� � �� ��� � � ��� �� ��

Figure4: Binary Trees
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1.8 PlaneRootedTrees

Figure5 showsa list of theplanerootedtreeswith � edges,for ��������� . Try to draw the � � trees
with �	��� edges. �

 ¡
¢£¤ ¥¦ §

¨©ª« ¬­® ¯ ° ±² ³´ µ ¶·¸ ¹ º» ¼ ½
Figure5: PlaneRootedTrees

1.9 Skew Polyominos

�	�'��	��¾
�	���
�	���

Table4: Skew Polyominoswith Perimeter¾ �Y¿�¾
A polyominois a setof squaresconnectedby their edges.A skew polyominois a polyominosuch
that every vertical andhorizontalline hits a connectedsetof squaresandsuchthat the successive
columnsof squaresfrom left to right increasein height—thebottomof the columnto the left is
alwayslower or equalto thebottomof thecolumnto theright. Similarly, thetop of thecolumnto
the left is alwayslower thanor equalto the top of thecolumnto the right. Table4 shows a setof
suchskew polyominos.
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Anotheramazingresultis thatif youcountthenumberof skew polyominosthathaveaperimeterofÀ ÁYÂ�À
, youwill obtain Ã�Ä . Notethatit is theperimeterthatis fixed—notthenumberof squaresin

thepolyomino.

2 A RecursiveDefinition

If youhaveconvincedyourselfthatall theproblemsin theprevioussectionareequivalent,it is only
necessaryto countoneof themto have a countfor all. If you have no ideahow to begin, onegood
way is to write down a formulathatrelatesthecountfor a given

Á
to previously-obtainedcounts.It

is usuallyeasyto counttheconfigurationsfor
Á	Å�Æ

,
Á3Å'Ç

, and
Á3Å�À

directly, andfrom there,you
cancountmorecomplex versions.

In this section,we’ll usethe examplewith balancedparenthesesdiscussedandillustratedin Sec-
tion 1.1. Let usassumethatwe alreadyhave thecountsfor

Æ È Ç È À È É È Ê Ê Ê È Á2Ë�Ç
pairsandwe would

like to obtainthecountfor
Á

pairs. Let Ã�Ì be thenumberof configurationsof Í matchingpairsof
parentheses,so ÃÏÎ Å'Ç , Ã�Ð Å'Ç , ÃÏÑ Å�À , ÃÏÒ Å�Ó , and ÃÏÔ Å'Ç Õ .
We know thatin any balancedset,thefirst characterhasto be“(”. We alsoknow thatsomewherein
thesetis thematching“)” for thatopeningone.In betweenthatpairof parenthesesis abalancedset
of parentheses,andto theright of it is anotherbalancedset:Ö ×IØ Ù È
where

×
is abalancedsetof parenthesesandsois

Ù
. Both

×
and
Ù

cancontainupto
Á�Ë3Ç

pairsof
parentheses,but if

×
containsÚ pairs,then

Ù
contains

Á2Ë Ú Ë�Ç pairs.

Thuswecancountall theconfigurationswhere
×

has
Æ

pairsand
Ù

has
Á2Ë�Ç

pairs,where
×

has
Ç

pair and
Ù

has
Á	Ë�À

pairs,andsoon. Add themup,andwe getthetotal numberof configurations
with
Á

balancedpairs.

Herearethe formulas. It is a goodideato try pluggingin the numbersyou know to make certain
thatyou haven’t madea silly error. In this case,theformulafor ÃÏÒ indicatesthatit shouldbeequal
to Ã�Ò Å�À
Ê ÇÏÂ�Ç�Ê ÇÏÂ�ÇÏÊ À�Å�Ó .Ã�Ð Å ÃÏÎ ÃÛÎ (1)ÃÏÑ Å ÃIÐ ÃÛÎ Â ÃÛÎ Ã�Ð (2)ÃÏÒ Å Ã�Ñ ÃÛÎ Â Ã�Ð Ã�Ð Â ÃÛÎ Ã�Ñ (3)ÃÛÔ Å Ã�Ò ÃÛÎ Â ÃÏÑ Ã�Ð Â Ã�Ð Ã�Ñ Â ÃÏÎ ÃÏÒ (4)Ü Ü Ü Ü Ü ÜÃÏÄ Å Ã�Ä ÝRÐ ÃÏÎ Â Ã�Ä ÝÞÑ Ã�Ð Â�Ê Ê Ê Â Ã�Ð Ã�Ä ÝÞÑ Â ÃÛÎ Ã�Ä ÝRÐ (5)

Considerothers(thetriangulationof thepolygonsin Section1.5,for example)andseehow exactly
thesameformulasrelatingthe ÃÏÄ arise.

Using the formula, it is easyto obtainthe first few Catalannumbers:
Ç
,
Ç
,
À
,
Ó
,
Ç Õ

,
Õ À

,
Ç É À

,
Õ À ß

,Ç Õ É Æ
,
Õ à á À

,
Ç á â ß á

,
Ó à â à á

,
À Æ à Æ Ç À

,
â Õ À ß Æ Æ

,
À á â Õ Õ Õ Æ

,
ß á ß Õ à Õ Ó

,
É Ó É Ó â á â Æ

,
Ç À ß á Õ Õ â ß Æ

,
Õ â â á É à â Æ Æ

,Ç â á â À á É Ç ß Æ
,
á Ó á Õ�Ç À Æ Õ À Æ

,
À Õ Õ á á À á â Æ À Æ

,
ß Ç Õ à À Ó á É á Õ Æ

,
É Õ É Æ Ó ß á Ç É á Ó Æ

,
Ç À à ß ß Æ Õ�Ç Õ â É À Õ

, Ü Ü Ü
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2.1 Counting Diagonal-Avoiding Paths

Perhapsthe easiestway to obtain an explicit formula for the Catalannumbersis to analyzethe
numberof diagonal-avoiding pathsdiscussedin Section1.3. We will do so by countingthe total
numberof pathsthroughthegrid andthensubtractoff thenumberof pathsthathit thediagonal.

ã ã ã ã ã�ä
P

ã ã ã ã ã�ä
P

Figure6: Modifying aBadPath

Figure6 illustratesa typical paththatwe do not want to countsinceit crossesthe dotteddiagonal
line. Sucha pathmaycrossthat line multiple times,but thereis alwaysa first time; in the figure,
point å is thefirst grid point it touchesonthewrongsideof thediagonal.Therewill alwaysbesuch
a point å for everybadpath.

For every suchpath,reflectthepathbeginningat å —every time theoriginal pathgoesto theright,
go down instead,andwhentheoriginal pathgoesdown, go to theright. It is clearthatby thetime
the pathreachesthe point å it will have traveledonemorestepdown thanacross,so it will have
moved æ stepsto the right and æ�ç=è stepsdown. The total pathhas é stepsacrossanddown, so
thereremainéYê	æ stepsto theright and éYê	æ9ê�è stepsdown. But sinceweswapstepsto theright
andstepsdown, themodifiedpathwith havea totalof ë æ ì-ç�ë é	ê3æ�ê�è ìÛí�é2ê�è stepsto theright
and ë æ
ç�è ìÞç�ë éYê3æ ìÛí�é�ç�è stepsdown. Thuseverymodifiedpathendsat thesamepoint, éYê�è
stepsto theright and éYç�è stepsdown.

Everybadpathcanbemodifiedthisway, andeverypathfrom theoriginalstartingpoint to thispointé3ê�è to the right and é	ç'è down correspondsto exactly onebadpath. Thusthe numberof bad
pathsis thetotal numberof routesin a grid thatis ë é2ê�è ì by ë é2ç�è ì .
Thereare î ïÏðRñï ò pathsthroughan æ2ó	ô grid1. Thusthetotal numberof pathsthroughthe é�ó	é
grid is î õ öö ò andthe total numberof badpathsis î-õ öö ð-÷ ò . Thus ø ö , the éÞù ú Catalannumber, or the
totalnumberof diagonal-avoidingpathsthroughan é3ó2é grid, is givenby:ø ö íüû ý ééYþ êBûÿý ééYç�è þ íüû ý éé�þ ê éé2ç�è û ý éé�þ í èéYç�è û�ý ééYþ��
3 Counting Mountain Ranges—Method1

A very similar argumentcanbemadeasin the previoussectionif we usethe interpretationof the
Catalannumbersbasedon thecountof mountainrangesasdescribedin Section1.2. In thatsection,
we areseekingarrangementsof é up-strokesand é down-strokesthatform valid mountainranges.

1To seethis,rememberthatthereare� stepsdown thatneedto betakenalongthe
�����

possiblepathsgoingdown. Thus
theproblemreducesto countingthenumberof waysof putting � objectsin

�����
boxeswhich is î 	 
 �	 ò .
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If we completelyignorewhetherthepathis valid or not, we have � up-strokesthatwe canchoose
from a collectionof 
 � availableslots. In otherwords,ignoringpathvalidity, we aresimply asking
how many waysyou canrearrangea collectionof � up-strokesand � down-strokes.Theansweris
clearly

� � ���� .
Now we have to subtractoff thebadpaths.Everybadpathgoesbelow thehorizonfor thefirst time
at somepoint, sofrom thatpoint on, reverseall thestrokes—replaceup-strokeswith down-strokes
andvice-versa.It is clearthat thenew pathswill all wind up 2 stepsabove thehorizon,sincethey
consistof ����� up-strokesand����� down-strokes.Conversely, everypaththatendstwo stepsabove
thehorizonmustbeof this form, soit correspondsto exactlyonebadpath.

How many suchbad pathsare there? The samenumberas thereare ways to choosethe �����
up-strokesfrom amongthe 
 � total strokes,or

��� �� ��� � .
Thusthecountof valid mountainranges,or � � , is givenby exactly thesameformula:� ���! 
 ���" �  
 ����#� " �! 
 ��$" � ����#�  
 ��$" � ����%�  
 ���"�&
4 Counting Mountain Ranges—Method2

Hereis a differentway to analyzethe mountainproblem. This time, imaginethat we begin with���#� up-strokesandonly � down-strokes—weaddanextraup-stroketo ourcollection.

First we solve theproblem:How any arrangementscanbemadeof these
 ���%� symbols,without
worrying aboutwhetherthey form a “valid” mountainrange(whatever that meanswith an unbal-
ancednumberof up-strokesanddown-strokes). Clearly, if the orderingdoesnot matter, thereare� � � ����!� waysto do this.

Onething is certain,however. No matterhow they arearranged,they mountainrangewill be one
unit higherat theend,sincewe take ���%� stepsupandonly � stepsdown.

Let’s look at a specificexamplewith � �(' (and 
 ���)� �(* ): up up down up up down down.
In Figure4, we have arrangedthis sequenceover andover andyou canseethatevery * steps,the
mountainrangeis oneunit higher.

Figure7: Growing Mountains

Sinceit is a repeatingpattern,it’s clear that we candraw a straightline below it that touchesthe
bottom-mostpointsof thegrowing mountainrange.

In our example,this touchingline seemsto hit only oncepercompletesetof * strokes,andwe will
show thatthis will alwaysbethecase,for any unbalancednumberof up-strokesanddown-strokes.
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We candraw our mountainrangeon a grid, andit’s clearthat the slopeof the line is + , - . /102+ 3
(it goesup + unit in every completecycle of the patternof . /402+ strokes. But lines with slope+ , - . /�0)+ 3 canonly hit latticepointsevery . /10)+ units,so thereis exactly onetouchingin each
completecycle.

If you have a seriesof . /40�+ strokes,you can cycle that aroundto . /�0�+ arrangements.For
example,the arrangement, , 5 , 5 canbe cycled to four otherarrangements:, 5 , 5 , , 5 , 5 , , , , 5 , , 5
and 5 , , 5 , . Thatmeansthecompletesetof arrangementscanbedividedinto equivalenceclassesof
size . /�0#+ , wheretwo arrangementsareequivalentif they arecycledversionsof eachother.

If we considerthe versionamongthese. /10�+ cycles, the only onethat yields a valid mountain
rangeis theonethatbeginsat thelow pointof the . /$06+ arrangement.Thus,to getacountof valid
mountainrangeswith / up-strokesand/ down-strokes,weneedto divideourcountof . /�01+ stroke
arrangementsby . /�0#+ :7�8$9 +. /�0%+;: . /�0#+/=< 9 +. /�0#+$> - . /�0#+ 3 ?/@? - /�0#+ 3 ? 9 +/�0%+$> - . /�3 ?/@? /@? 9 +/�0%+�: . //$<�A
5 GeneratingFunction Solution

Using the formulas1 through5 in Section2, we can obtain an explicit formula for the Catalan
numbers,

7;8
usingthetechniqueknown asgeneratingfunctions.

We begin by defininga function B�- C 3 thatcontainsall of theCatalannumbers:B�- C 3 9#7�D 0 7�E C�0 7�F C F 0 7;G C G 0 > > > 9IHJ K L D 7 K C
K
A

If we multiply B�- C 3 by itself to obtain M B�- C 3 N F , thefirst few termslook like this:M B�- C 3 N F 9%7@D 7�D 0#- 7�E 7@D 0 7@D 7;E 3 C�0#- 7;F 7@D 0 7;E 7;E 0 7@D 7;F 3 C F 0 > > > A
The coefficients for the powers of C are the sameas thosefor the Catalannumbersobtainedin
equations1 through5: M B�- C 3 N F 9%7�E 0 7;F C�0 7;G C F 0 7�O C G 0 > > > A (6)

We canconvertEquation6 backto B�- C 3 if wemultiply it by C andadd
7@D

, sowe obtain:B�- C 3 9%7�D 0�C�M B�- C 3 N F A (7)

Equation7 is just a quadraticequationin B�- C 3 which we cansolve usingthequadraticformula. In
a morefamiliar form, we canrewrite it as: C B F�P B�0 7�D�9RQ . This is the sameasthe quadratic
equation: S B F 0#T B$0#U 9�Q , where S 9 C , T 9 P + , and U 9�7@D . Plug into thequadraticformula
andweobtain: B�- C 3 9 + P�V + P1W C. C A (8)
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Noticethatwehaveusedthe X signin placeof theusual Y signin thequadraticformula.We know
that Z�[ \ ]�^%_@`�^2a , soif we replacedthe Y symbolwith b , as cedf\ , Z�[ c ]@dhg .

To expandZ�[ c ] wewill just usethebinomialformulaoni a;X4j c�^2[ a;X4j c ] k l m n
If youarenot familiarwith theuseof thebinomialformulawith fractionalexponents,don’t worry—
it is exactly thesame,exceptthatit never terminates.

Let’s look at the binomial formula for an integer exponentandjust do the samecalculationfor a
fraction. If o is aninteger, thebinomialformulagives:[ p�b6q ] r$^%p r�b o a p r s�k q k@b o@[ o�X#a ]t�u a p r svm q m@b o@[ o�X#a ] [ o�X t ]w�u t�u a p r svx q x�b u u u n
If o is an integer, eventually the numeratoris going to have a term of the form [ o6X6o�] , so that
term andall thosebeyond it will be zero. If o is not an integer, andit is a y t in our example,the
numeratorswill passzeroandcontinue.Herearethefirst few termsof theexpansionof [ a�X$j c ] k l m :[ a;X4j c ] k l mz^{a;X}| km ~a j c�b�| km ~ | X km ~t�u a [ j c ] m�X!| km ~ | X km ~ | X xm ~w�u t�u a [ j c ] x@b| km ~ | X km ~ | X xm ~ | X2�m ~j u w�u t�u a [ j c ] �;X!| km ~ | X km ~ | X xm ~ | X2�m ~ | X)�m ~��u j u w�u t�u a [ j c ] � b u u u
We cangetrid of many powersof

t
andcombinethingsto obtain:[ a;X1j c ] k l m�^2a;X aa � t c�X at � j c m�X w�u aw �e� c x�X ��u w�u aj�� a � c �;X�� u ��u w�u a� � w t c � X u u u (9)

FromEquations9 and8:Z�[ c ]@^2a�b at � t c�b w�u aw � j c m b ��u w�u aj���� c x b � u ��u w�u a� � a � c � b u u u (10)

Thetermsthat look like � u ��u w�u a area bit troublesome.They arelike factorials,exceptthey are
missingtheevennumbers.But noticethat

t m u t � ^#j u t , that
t x u w � ^%� u j u t , that

t � u j�� ^ � u � u j u t ,et cetera.Thus [ � u ��u w�u a ] u t � j�� ^ � � . If weapplythis ideato Equation10 we canobtain:Z�[ c ]�^)a�b at�� t �a � a � � c�b aw�� j��t � t � � c m@b aj � � �w � w � � c x�b a����� �j�� j�� � c ��b u u u ^I�� � � ` a� b#a�� t ��v��c
� n

Fromthiswe canconcludethatthe
� � �

Catalannumberis givenby theformula_ � ^ a� b%a�� t ����en
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